Nonglobal Existence of Solutions for a Generalized Ginzburg–Landau Equation Coupled with a Poisson Equation  by Snoussi, Seifeddine & Tayachi, Slim
Ž .Journal of Mathematical Analysis and Applications 254, 558570 2001
doi:10.1006jmaa.2000.7235, available online at http:www.idealibrary.com on
Nonglobal Existence of Solutions for a Generalized
GinzburgLandau Equation Coupled with a
Poisson Equation
Seifeddine Snoussi1
Departement de Mathematiques, Faculte des Sciences de Bizerte, Uniersite Tunis II,´ ´ ´ ´
Jarzouna 7021, Bizerte, Tunisia
and
Slim Tayachi2
Departement de Mathematiques, Faculte des Sciences de Tunis, Uniersite Tunis II,´ ´ ´ ´
Campus Uniersitaire, 1060 Tunis, Tunisia
Submitted by Brian Straughan
Received March 15, 1999
In this article, we consider a system of a GinzburgLandau equation in u
coupled with a Poisson equation in ,
 u 2 n  1 i u u u k u   u , t 0, T , x ,Ž . Ž .
 t  x1
 2 n  u , x , t 0, T ,Ž .Ž .
 x1
u 0, x  u x , x x , x , . . . , x  n ,Ž . Ž . Ž .0 1 2 n
where T 0,  ,  , and k are real parameters, u and  are, respectively, a
Ž .complex and real valued function. For  1, 1 and k 1, we prove the
1Ž n.existence of initial data u H  , n 1 or 2, for which the solution u is0
nonglobal. Our method uses energy arguments. We establish differential inequali-
ties having only nonglobal solutions.  2001 Academic Press
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1. INTRODUCTION
We consider the generalized GinzburgLandau-like equation,
u 2
t , x  1 i u t , x   1 i u t , x u t , xŽ . Ž . Ž . Ž . Ž . Ž .
 t

  u t , x  	 t , x u t , x ,Ž . Ž . Ž .
 x1 1Ž .
 2 t , x  u t , x ,Ž . Ž .Ž .
 x1
u 0, x  u x ,Ž . Ž .0
Ž . Ž . nwhere T 0, t 0, T , x x , . . . , x  , n 1, 1,  and 1 n
are two real numbers, 	 is a complex number. The functions u and  are,
respectively, a complex and a real valued function.
The aim of this work is to look for the existence of nonglobal solutions u
Ž . 1of 1 in terms of H -norm in the particular case,   , 1,
Ž .	 k 1 i with k an arbitrary real number and n 1 or 2. Under
Ž .such conditions, the system 1 becomes
u 2
t , x  1 i u t , x  u t , x u t , x  k u t , xŽ . Ž . Ž . Ž . Ž . Ž .
 t  x1
  u t , x ,Ž .
 2 t , x  u t , x ,Ž . Ž .Ž .
 x1
u 0, x  u x ,Ž . Ž .0
2Ž .
Ž . Ž . nwhere t 0, T , x x , . . . , x  . The choice   was consid-1 n
 	ered by Mischaikow and Morita in 11 to reduce the complex Ginzburg
Landau equation to a gradient system, and to describe the global attractor.
We can note that we obtain the complex GinzburgLandau when we
Ž .consider 	 0 and  1 in the system 1 .
Ž .  	The system 1 was introduced by Davey, Hocking, and Stewartson in 4 ,
 	where the physical motivation for this equation was discussed. See 13 for
 	a short summary. In 4 , the authors propose a correction to an equation
 	 Ž .introduced by Stewartson and Stuart 15 . The system 1 modelises the
wave amplitude evolution of an infinitesimal centered disturbance in plane
Poiseuille flow at a Reynolds number slightly greater than the critical
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value for stability. Recall that u represents the wave amplitude of the
disturbance and  represents the contribution of the pressure to the
nonlinear part of the amplitude equation. The resulting pair of functions
Ž . Ž .u,  satisfies the evolution system 1 .
 	 pŽ n.In 13 , local existence in L  for p n was studied for the equation
Ž .1 . Such local existence results are built on the techniques introduced by
 	 1Ž n.Weissler 16, 17 . A global existence result in H  was obtained for the
Ž . Ž . equation 1 when  1, Re 	 1, and n 1, 2. See 13, Proposition
	4.5 . Note also that, the existence of blowing up solutions for the equation
Ž .  	 1 n2 was obtained in 14 in terms of H -norm, when  is replaced by a
bounded domain, n 1 or 2, 1 and k 1. Thus, it seems natural to
Ž .study the existence of nonglobal solutions of the equation 2 on the whole
space  n with 1, k 1, and n 1, 2. Here, we show the following
result.
Ž . Ž .THEOREM 1.1 Main Theorem . Suppose that  1, 1 , , k
1Ž n.1, and n 1, 2. Then, there exists u H  such that the solution u of0
Ž .2 is nonglobal.
Although the condition k 1 is technical, it seems necessary to obtain
blowing-up solutions. Indeed, in the one-dimensional case no blowing-up
 	solutions do exist for k 1, see 13, Proposition 4.4 . The condition
Ž . 1, 1 is related to the method used in this work. The restriction
Ž .n
 2 is considered only to insure that the initial value problem 1 is well
1Ž n.posed in H  . Precisely, it is needed to obtain the regularity results of
Theorem 2.1. Note that the results of the previous theorem still hold for
higher dimension provided that the solution u is regular at least as in
Theorem 2.1 below.
The proof of this result uses an energy method introduced by Levine
 	  	10 and Ball 2 who showed that negative energy solution of the nonlinear
heat equation,
  p1 u u u u , 3Ž .t
on a bounded domain must blow up in finite time.
Unfortunately Ball’s proof crucially depends on the fact that the domain
Ž . nis bounded. To prove that solutions of 2 on the whole of  can be
nonglobal, one is led to find a proof which does not depend on the nature
Ž .of the domain. For the nonlinear heat equation 3 , such a proof is given in
 	  	6, Proposition 5.1 . It is noted in 1, p. 3 that this proof is modeled on the
 	original Levine’s argument 10 .
Ž .However, the form of the coupled system 2 , the presence of the
Ž . Ž .complex parameter 1 i , and the linear term  u in the equation 2
make the adaptation of the argument of HarauxWeissler not immediate.
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In fact, the case 
 0 can be handled in the same way as the nonlinear
Ž .heat equation 3 . But the case  0 differs from the previous one and
requires new arguments. In particular, the choice of the initial data u0
which generate blow-up solutions u depends on the sign of  .
 	As in 14 , we consider the following functional energies,
1  12 2 4
2 n 2 n 4 nE u t  
u t  u t  u tŽ . Ž . Ž . Ž .Ž . Ž . Ž . Ž .L  L  L 2 2 4
k 2
2 n 
 t , 4Ž . Ž .Ž .L 4
2
2 nF t  u t , 5Ž . Ž . Ž .Ž .L 
Ž .where u and  are the solutions of 2 with the initial data u .0
To prove blow-up, we determine a lower bound function for F which
blows up in finite time. Such lower bound is determined by differential
inequalities. The differential inequality is easily obtained in the case 
 0.
However, in the case  0, one is led to assume additional energy
Ž Ž . .assumption on u see 6 below . Precisely we obtained the following0
results.
Ž .THEOREM 1.2. Suppose that 
 0,  1, 1 , and n 1 or 2. Let
1Ž n. Ž . Ž .u H  such that E u  0. Then, the solution u of 2 with initial0 0
data u is nonglobal.0
See Proposition 3.1 below for the existence of such a u .0
Define now the following functional energy,
1   22 2
2 n 2 nE u t  
u t  u tŽ . Ž . Ž .Ž . Ž . Ž .L  L 2ž /2 2   1
1 k4 2
4 n 2 n u t  
 t , 6Ž . Ž . Ž .Ž . Ž .L  L 4 4
Ž .where u and  are the solutions of 2 with the initial data u . We have0
the following
Ž .THEOREM 1.3. Suppose that  0,  1, 1 , k 1, and n 1 or 2.
1Ž n.  Ž . Ž .Let u H  such that E u  0. Then, the solution u of 2 with0 0
initial data u is nonglobal.0
See Proposition 3.3 below for the existence of such a u .0
The remainder of this article is organized as follows. In Section 2, we
Žestablish preliminary results existence and regularity of a maximal solu-
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.tion and we give some energy calculations. Section 3 deals with the proofs
of Theorems 1.11.3.
2. PRELIMINARY RESULTS
First of all, we shall assert the existence of a unique maximal solution
Ž .for the equation 2 and we shall study its regularity. Such a proof can be
done via the classical abstract theory for parabolic type equations. We
 	  	  	refer the reader, for example, to Kato 8 , Komatsu 9 , Weissler 16 ,
 	  	 Ž .Henry 7 , Pazy 12 . Recently, some existence results for the equation 2
 	 Ž .were studied in 13, 14 . Regularity results of the solutions of 2 are
needed to use energy methods.
2.1. Existence and Regularity
Ž 	. 1Ž n.THEOREM 2.1 13, Theorems 2.1, 2.2 . Let u H  , with n
 2.0
Ž .Then, there exists a unique maximal solution u of 2 with initial data u such0
that
 1 n 2 nu C 0, T , H   C 0, T , H  . 7Ž . Ž . Ž . Ž ..Ž . Ž .max max
 Ž . 1 nIf T  , then u t   when t T .H Ž .max max
The corresponding  satisfies
 2 n
 C 0, T , L  . 8Ž . Ž ..Ž .max
Moreoer,
u C1 0, T , H 1  n  C1 0, T , L4  n . 9Ž . Ž . Ž . Ž . Ž .Ž . Ž .max max
Also, the mapping,
2 nt 
 t 10Ž . Ž .Ž .L 
1ŽŽ ..belongs to C 0, T withmax
d 2
2 n
 t 4 Re u t u t  t dx . 11Ž . Ž . Ž . Ž . Ž .Ž . HL  t x1ž /ndt 
1Ž n.Proof. Consider u H  . By the results of Theorems 2.1 and 2.20
 	 Ž . 1Ž n..in 13 , we know already that u C 0, T , H  . Now, by slightmax
 	modifications of the proofs of Theorems 2.1 and 2.2 in 13 we obtain that
ŽŽ . 2Ž n.. Ž . u C 0, T , H  . The assertion 8 is established in 13, Theoremmax
	2.3 .
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Ž . Ž .We now turn to prove 9 . Let  0, T be an arbitrary real number.max
Ž . 2Ž n.  	 Ž .Since u  H  then by 16, Theorem 2.2 , the solution u of 2 lies
1ŽŽ . 1Ž n.. Ž .  	in C  , T , H  ,  0, T . See also 13, Remark 2.1, p. 65 .max max
Ž .This gives the first part of 9 . Now, due to the continuous embedding
1Ž n. 4Ž n. Ž . Ž .H   L  we deduce the second part of 9 . To prove 10 we use
 	the following result which can be found in the Appendix of 5 .
Ž  	.LEMMA See 5 . Let X and Y be two Banach spaces and let f : X Y be
1Ž .a locally Lipschitz-continuous function. Then, f C X, Y if and only if
f x h  f x  f x  h  f xŽ . Ž . Ž . Ž .0 0 Ylim  0,
 hŽ . Ž .h , x  0, x X0
 x  X .0
Since  satisfies
 2  u , 12Ž .Ž .
 x1
we can write in particular that
 2 2  t   s  u t  u s .Ž . Ž . Ž . Ž .Ž . Ž .
 x1
2Ž n. Ž . Ž .Taking the inner product in L  of this equation with  t   s and
using Green’s formula, we obtain that
2 2   2 n 2 n
 t  
 s 
 u t  u s ,Ž . Ž . Ž . Ž .Ž . Ž .L  L 
Ž . 2Ž n.which shows that 
 : 0, T  L  is locally Lipschitz-continuous.max
Likewise, we prove that

 t s  
 t  
 t  s  
 tŽ . Ž . Ž . Ž .0 0
2 n s Ž .L 
2 2 2 2       u t s  u t  u t  s  u tŽ . Ž . Ž . Ž .0 0
 .
2 n s Ž .L 
  2 1ŽŽ 2Ž n..Since u  C 0, T , L  , it follows from the above lemma thatmax
1Ž . 2Ž n..
 C 0, T , L  .max
Ž . Ž .Now, to prove 11 , we multiply the equation 12 by , integrate over
 n, and we use Green’s formula, which gives
  2   2
 dx  u dx , 13Ž .H H x1n n 
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which implies
d 2 2 2 n
 t 2 Re u t u t  t dx  u dx .Ž . Ž . Ž . Ž .Ž .Ž . H HL  t x t x1 1n ndt  
14Ž .
Ž . nNow, multiplying 12 by  and integrating over  , we obtaint
  2
 
 dx  u dx ,H Ht t x1n n 
which leads to
1 d 2 2 2 n
 t  u  dx . 15Ž . Ž .Ž . HL  t x1n2 dt 
Ž . Ž . Ž .Then, 14 combined with 15 completes the proof of 11 and Theorem
2.1.
2.2. Energy Calculation
 	As in 11 , define the function  by
 t , x  exp i t u t , x , t 0, T , x n , 16Ž . Ž . Ž . Ž . Ž .Ž .
Ž .where u is the solution of 2 with initial data u . Then, u is the solution of0
Ž .2 with initial data u if and only if  is the solution of0
  2
t , x  1 i  t , x   t , x  t , xŽ . Ž . Ž . Ž . Ž .
 t

k t , x  t , x    t , x ,Ž . Ž . Ž .
 x 17Ž .1
 2 t , x   t , x ,Ž . Ž .Ž .
 x1
 0, x  u x ,Ž . Ž .0
Ž . Ž . nwhere t 0, T , x x , . . . , x  . Let1 n
1 2 2
2 n 2 nE  t  
 t   tŽ . Ž . Ž .Ž . Ž . Ž .L  L 2 2
1 k4 2
4 n 2 n  t  
 t . 18Ž . Ž . Ž .Ž . Ž .L  L 4 4
We first state the following result.
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Ž Ž ..LEMMA 2.2. The energy E  t of the solution  is a nonincreasing
Ž .function of t 0, T .max
Ž Ž ..Proof. Due to Theorem 2.1, the function t E  t belongs to
1ŽŽ .. Ž . Ž Ž ..C 0, T and we claim that ddt E  t 
 0. In fact, multiply themax
nŽ .first equation of 17 by  , then integrate over  , take the real part, andt
obtain
1 1 d  d2 2 2
2 n 2 n 2 n        
  L Ž . L Ž . L Ž .t2 2 dt 2 dt1 
1 d 4
4 n    k Re   dx . 19Ž .L Ž . H t x1ž /n4 dt 
    Ž .Since u   then the last term of formula 19 coincides with
Ž . Ž .nRe H uu  dx . Hence, by using its expression given in 11 , we conclude t x1
that
d 1 2
2 n E  t   . 20Ž . Ž .Ž . L Ž .t2dt 1 
This proves Lemma 2.2.
Ž . Ž .LEMMA 2.3 Main Differential Inequality . The function F gien by 5
1ŽŽ ..belong to C 0, T and satisfies the differential inequality,max
F t 8 E  t  2F t . 21Ž . Ž . Ž . Ž .Ž .
nŽ .Proof. Multiply the first equation of 17 by  , then integrate over  ,
and use Green’s formula. We obtain after considering the real part,
1 d 2 2 4 2       F t  
       k   . 22Ž . Ž .H H H H x1n n n n2 dt    
Ž . Ž .Due to 13 and the expression of E in 4 we get
2 2
2 n 2 nF t 8 E  t  2 
 t  2  t , 23Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .L  L 
and the lemma follows.
3. PROOF OF THEOREMS
We distinguish the cases 
 0 and  0.
3.1. First Case: 
 0
Proof of Theorem 1.2. We argue by contradiction and we suppose that
Ž .T  . Since 
 0, the differential inequality 21 becomesmax
F t 8 E  t ,  t 0. 24Ž . Ž . Ž .Ž .
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1Ž n.Let u H  such that0
E u  0. 25Ž . Ž .0
Ž .See Proposition 3.1 below for the existence of such a u . Then, by0
Lemma 2.2,
E  t  0,  t 0, 26Ž . Ž .Ž .
Ž .which yields by 24 to
F t  0,  t 0. 27Ž . Ž .
Ž .Now, from the expression of F in 5 , we easily obtain thanks to the
Cauchy inequality,

2 n 2 nF t 
 2  t  t . 28Ž . Ž . Ž . Ž .Ž .L  Ž .L t
Ž . Ž . Ž . Ž .Combining 20 , 5 , 28 , and 27 together we get
1 2 F t E  t  F t ,  t 0, 29Ž . Ž . Ž . Ž .Ž . Ž .24 1 Ž .
Ž . Ž .which, thanks to 24 and 27 , leads to
2
 F t E  t  F t E  t ,  t 0. 30Ž . Ž . Ž . Ž . Ž .Ž . Ž .21 Ž .
 Ž . Ž . Ž .Since F and E  satisfy, respectively, 27 and 26 , the functions
Ž . Ž .E  and F are strictly positive. Now, integrating 30 we obtain
Ž 2 .2 1E  t  CF t ,  t 0, 31Ž . Ž . Ž .Ž .
Ž . Ž .where C is a strictly positive constant. Inequality 31 together with 24
give
Ž 2 . 2 1F t  8CF t ,  t 0. 32Ž . Ž . Ž .
Ž . Ž 2 .Finally, since  1, 1 or equivalently 2 1   1, we obtain
Ž .from 32 a contradiction with the fact that F is global. This contradiction
Ž . Ž .gives that T   provided that E   E u  0. This finishes themax 0 0
proof of the theorem.
Now, we show that there exists u with negative energy.0
PROPOSITION 3.1. Let , , and k 1. Then, there exists
1Ž n. Ž .u H  such that E u  0.0 0
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1Ž n.Proof. Fix u H  and let  be a positive real number. Then,1
consider
1 2 22 2 n 2 n   E u   
u  uŽ . L Ž . L Ž .1 1 1ž /2 2
4 4 2
4 n 2 n    u  k 
 , 33Ž .Ž .L Ž . L Ž .1 14
where  satisfies1
 2   u . 34Ž .Ž .1 1 x1
Ž .We easily obtain from 34 that
  2 2 n   4 4 n
 
 u . 35Ž .L Ž . L Ž .1 1
Since k 1,
  4 4 n   2 2 nu  k 
  0, 36Ž .L Ž . L Ž .1 1
Ž . Ž .hence we easily see from 33 that E u is strictly negative when  is1
large enough. This proves Proposition 3.1.
3.2. The Case  0
Ž . Ž .We claim that F t  0,  t 0, T . We have the following result.max
 Ž .  Ž .LEMMA 3.2. Let u be such that E u  0, where E is gien by 6 .0 0
Ž .Suppose that  1, 1 ,  0, and k
 1. Then,
F t  0,  t 0, T . 37Ž . Ž . Ž .max
Ž . Ž .Proof. From 13 and 22 , we deduce
2 2 4
2 n 2 n 4 nF t 2 
 t  2  t  2  tŽ . Ž . Ž . Ž .Ž . Ž . Ž .L  L  L 
2
2 n 2k 
 t , 38Ž . Ž .Ž .L 
Ž .which, thanks to the expression of E given in 4 , leads to
   4   2F t 4E  t   t dx k 
 t dx . 39Ž . Ž . Ž . Ž . Ž .Ž . H H
n n 
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Ž . Ž .Now, since  and  satisfy the inequality 36 , we deduce from 39 that
F t 4E  t . 40Ž . Ž . Ž .Ž .
Ž .One can easily show, under the assumptions  1, 1 and  0 that
E u 
 E u , 41Ž . Ž . Ž .0 0
Ž .The proof of the lemma is now a simple deduction of 41 , Lemma 2.2, and
Ž .the inequality 40 .
We now turn to the proof of Theorem 1.3.
Proof of Theorem 1.3. We argue by contradiction and we suppose that
Ž . Ž .T  . By Lemma 3.2, the inequality 29 still holds. Then, 29 com-max
Ž .bined with 21 yields that
2 
  F t E  t  F t E  t 
 F t F t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .2 21  2 1 Ž . Ž .
 t 0. 42Ž .
Ž . Ž .Owing to Lemma 3.2, we know that F t  0, hence the inequality 42
can be written in the form,
 2 2 2Ž . Ž . Ž .2 1  1   1F t E  t 
 F t ,  t 0,Ž . Ž . Ž .Ž . Ž .Ž . 22   1Ž .
which, by integration, gives
 2Ž .2 1E  t 
 F t  A F t , 43Ž . Ž . Ž . Ž .Ž . 022   1Ž .
where
2 2Ž . Ž .2 1 2 1 A  F 0 E u  F 0  F 0 E u .Ž . Ž . Ž . Ž . Ž .0 0 02ž /2   1Ž .
44Ž .
Ž . Ž .Now, by 21 and 43 we obtain the following differential inequality,
Ž 2 . 2 1F t A F t  8 A F t ,  t 0, , 45Ž . Ž . Ž . Ž . Ž .1 0
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where the constant A is given by1
1  2
A  2 . 46Ž .1 2  1
Ž .Since  1, 1 , the constant A is negative. Hence, the last inequality1
becomes
Ž 2 . 2 1F t 8 A F t ,  t 0, . 47Ž . Ž . Ž . Ž .0
 Ž .We can see that if E u  0 then the constant A is strictly negative.0 0
Ž . Ž .Therefore, since  1, 1 the inequality 47 gives that F is not global.
This leads to a contradiction with the fact that T   and finishes themax
proof of Theorem 1.3.
 Ž .Next we establish the existence of u satisfying E u  0.0 0
Ž .PROPOSITION 3.3. Let  1, 1 , , and k 1. Then, there exists
1Ž n.  Ž .  Ž .u H  such that E u  0, where E is gien by 6 .0 0
Proof. The proof is similar to the one of Proposition 3.1, so we omit it.
Ž .Completion of the Proof of Theorem 1.1. Suppose that  1, 1 ,
k 1, and n 1 or 2. First, let 
 0. Then, by Proposition 3.1 there
1Ž n. Ž .exists u H  such that the energy E u  0. Thus, by Theorem 1.20 0
Ž .the solution u of 2 with initial data u blows up in finite time.0
1Ž n.Now, let  0. Then, by Proposition 3.3 there exists u H  such0
 Ž . Ž .that the energy E u  0. Hence, by Theorem 1.3 the solution u of 20
with initial data u blows up in finite time. This finishes the proof of0
Theorem 1.1.
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